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REFLECTIONS, BENDINGS, AND PENTAGONS
Sasha Anan′in
Abstract. We study relations between reflections in (positive or negative) points in the complex hyper-
bolic plane. It is easy to see that the reflections in the points q1, q2 obtained from p1, p2 by moving p1, p2
along the geodesic generated by p1, p2 and keeping the (dis)tance between p1, p2 satisfy the bending relation
R(q2)R(q1) = R(p2)R(p1). We show that a generic isometry F ∈ SU(2, 1) is a product of 3 reflections,
F = R(p3)R(p2)R(p1), and describe all such decompositions: two decompositions are connected by finitely
many bendings involving p1, p2/p2, p3 and geometrically equal decompositions differ by an isometry central-
izing F .
Any relation between reflections gives rise to a representation Hn → PU(2, 1) of the hyperelliptic group
Hn generated by r1, . . . , rn with the defining relations rn . . . r1 = 1, r2j = 1. The theorem mentioned above is
essential to the study of the Teichmu¨ller space THn. We describe all nontrivial representations of H5, called
pentagons, and conjecture that they are faithful and discrete.
What do you feed the people generated by reflections?
— A. A. Kirillov to E. B. Vinberg on the way to Baikal Lake
1. Introduction
We will deal with the complex hyperbolic plane H2
C
. In our notation, we follow [AGr] and [AGG].
Let V denote a 3-dimensional C-linear space equipped with a hermitian form 〈−,−〉 of signature ++−.
By definition, H2
C
:= BV and ∂H2
C
:= SV , where
BV :=
{
p ∈ PCV | 〈p, p〉 < 0
}
, SV :=
{
p ∈ PCV | 〈p, p〉 = 0
}
, EV :=
{
p ∈ PCV | 〈p, p〉 > 0
}
(see [AGr] and [AGG] for details).
Let us start with some heuristic considerations. For many geometries, it is well known that every
isometry is a product of involutions. It is curious to understand to what extent such a decomposition is
unique. In other words, we study the ‘defining relations’ Rn . . . R2R1 = 1 and R
2
j = 1.
Consider PUV , the group of holomorphic isometries of H2
C
. Every involution in PUV is a reflection
R(p) in some nonisotropic point p ∈ PCV \ SV (positive or negative).
• The relation R(p)R(p) = 1 is said to be a cancellation.
Clearly, these are the only relations with n = 2.
• For pairwise orthogonal p1, p2, p3 ∈ PCV \ SV , the reflections R(p1), R(p2), R(p3) commute and
R(p3)R(p2)R(p1) = 1. We call these relations orthogonal.
It is easy to see that these are the only relations with n = 3 (see Remark 3.2).
Suppose that distinct points p1, p2 ∈ PCV \SV generate a hyperbolic1 projective line L(p1, p2). Then
the polar point p to L(p1, p2) is positive and R(p2)R(p1) = R(p2)R(p)R(p)R(p1) = R(p
′
2)R(p
′
1), where
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1L(p1, p2) is hyperbolic, spherical, euclidean if the signature of Cp1 + Cp2 is respectively +−, ++, +0.
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p′1, p
′
2 ∈ L(p1, p2) are respectively orthogonal to p1, p2. So, with the use of cancellation and orthogonal
relations, we can simultaneously alter the signs of p1, p2 if the projective line L(p1, p2) is hyperbolic.
Given distinct and nonorthogonal points p1, p2 ∈ PCV \ SV , we can move p1, p2 along the geodesic
G ≀p1, p2≀ and keep constant the distance (tance) between them. The new points q1, q2 satisfy the relation
R(q2)R(q1) = R(p2)R(p1). More formally: There exists a one-parameter subgroup B : (R,+) → PUV
such that B(s) centralizes R(p2)R(p1), dist
(
p1, B(s)p1
)
= dist(p1, p2)|s|, B(1)p1 = p2 if p1, p2 have the
same sign, and B(1)p1 ∈ L(p1, p2) is orthogonal to p2 if p1, p2 have different signs. For q1 := B(s)p1
and q2 := B(s)p2, we have R(q2)R(q1) = R
(
B(s)p2
)
R
(
B(s)p1
)
= B(s)R(p2)R(p1)B(−s) = R(p2)R(p1).
We say that the points q1, q2 are obtained from p1, p2 by means of bending.
• The relation R(p2)R(p1) = R(q2)R(q1) is called a bending relation.
It is easy to show that, modulo cancellations and orthogonal relations, the bending relations provide all
relations with n = 4 (Corollary 3.3).
Dealing with a general relation R(pn) . . . R(p2)R(p1) = 1, we can bend pj−1, pj, then bend pk−1, pk,
etc. (the indices are modulo n). At some moment, we may arrive at pj−1 = pj or 〈pj−1, pj〉 = 0
and cancel R(pj)R(pj−1) or apply an orthogonal relation, thus diminishing n. Also, with the use of
cancellation and orthogonal relations, we can simultaneously alter the signs of pj−1, pj if the projective
line L(pj−1, pj) is hyperbolic. We expect that there is a finite number of basic relations that generate
all the relations in the described way.
Denote by Hn the group generated by r1, r2, . . . , rn with the defining relations r
2
j = 1, j = 1, . . . , n,
and rn . . . r2r1 = 1. Every relation R(pn) . . . R(p2)R(p1) = 1 gives rise to a representation Hn → PUV .
The most interesting are the faithful and discrete ones.
1.1. Conjecture. There exists a finite number of basic relations, each one induces a faithful and
discrete representation that remains faithful and discrete after a finite number of bendings.
For such a representation, the projective line L(pj−1, pj) cannot be spherical as R(pj)R(pj−1) would
otherwise be elliptic. Nor does it rate to be euclidean since bending pj , pj+1 usually leads to a spherical
L(pj−1, pj). Unfortunately, even if at the beginning all projective lines L(pj−1, pj) are hyperbolic, some
of them can become spherical after a few bendings (see Section 4.3). This will not happen if at most
one of the pj’s is positive.
As a first step, we study the representations
̺ : H5 → PUV, ̺ : rj 7→ R(pj), pj ∈ PCV \ SV
such that at most one of the pj’s is positive. For brevity, we call them pentagons. Lifting a pentagon to
SUV , we obtain the relation
R(p5)R(p4)R(p3)R(p2)R(p1) = δ,
where δ3 = 1. We show that, modulo conjugation, two pentagons with the same δ are connected by
means of a finite number of bendings (see Subsection 5.4). In other words, each cubic root of unity
δ provides a connected component of the space of pentagons. If δ = 1, the pentagons are R-fuchsian
and the pj ’s are negative. In this case, all pentagons are faithful and discrete [ABG]. Therefore, while
deforming such a pentagon, there is always some real plane stable under the action of ̺H5 and ̺ remains
faithful and discrete. An example of a faithful and discrete pentagon with δ 6= 1 is constructed in [Ana].
1.2. Conjecture. Every pentagon is faithful and discrete.
We believe that the situation with pentagons is quite similar to that in Toledo’s rigidity theorem
(see [Tol] and [Gol1]). This analogy would be deeper if one could find a holomorphic section of the
example in [Ana]. In this case, the corresponding holomorphic disc in H2
C
would be stable under the
action of H5.
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We can describe bendings in the following more general terms. Let p ∈ PCV \ SV . The bundle
PUV → PUV/ Stab p, where PUV/ Stab p = BV if p is negative and PUV/ Stab p = EV if p is
positive, is endowed with the (Cartan) connection whose horizontal subspaces are orthogonal to cosets
with respect to the Killing form. In other words, any piecewise smooth path c : [a, b] → PCV \ SV
uniquely lifts to a path Fc : [a, b] → PUV such that Fc(s)c(a) = c(s) and Fc(a) = 1. We call Fc the
isometry following c. The concept of path-following isometry can be illustrated with a snail that walks
along the path c. During the walk, the ambient geometry may change from the snail viewpoint and the
snail shell may not suit anymore a new geometry. Nevertheless, the snail takes no risk to break its shell
even if the shell is as large as the whole space H2
C
= BV or EV (see Proposition 2.4 for the list of basic
properties of Fc). It is worthwhile mentioning that this concept is applicable to any classic geometry
(see [AGr]). The isometry following a (suitably parameterized) geodesic G ≀p1, p2≀ is exactly the bending
B(s) involving the points p1, p2 (see Proposition 2.6).
The main result of this paper is Theorem 4.2.2. Briefly speaking, it claims that a generic (i.e., regular
in the sense of Definition 3.6) isometry F ∈ SUV is a product of 3 reflections, F = R(p3)R(p2)R(p1),
that two such decompositions are connected by means of finitely many bendings involving p1, p2/p2, p3,
and that geometrically equal decompositions differ by an isometry centralizing F . (The case when
p1, p2, p3 are in a same real plane is simpler and slightly different.) A certain elementary exposition
[ABG] of a part of the classic Teichmu¨ller space theory is intended to be applicable to the complex
hyperbolic plane. In this sense, Theorem 4.2.2 is a first move towards studying the Teichmu¨ller space
T Hn of the hyperelliptic group Hn for the complex hyperbolic plane. Following the line of the proof of
Theorem 4.2.2, it seems possible to generalize it for > 3 reflections. Moreover, there may exist a variant
of Theorem 4.2.2 valid for an arbitrary classic geometry [AGr].
In subsequent articles, we plan to study the Teichmu¨ller space T Hn in detail. In particular, the path-
following isometry is intended to provide Toledo-like discrete invariants of discrete representations and
to distinguish some of the examples constructed in [AGG] that have the same topology and the same
Toledo invariant.
2. Path-following isometries
In this section, we introduce path-following isometries and describe bendings, i.e., isometries following
geodesics.
We use the conventions and notation from [AGr] and [AGG]. Depending on the context, the elements
in V may denote points in PCV . For the sign of a point p ∈ PCV , we use the notation σp ∈ {−1, 0, 1}.
In what follows, c˙(s) stands for the derivative of c(s) with respect to s. We hope that the same notation
for tangent vectors to curves in V and in PCV will produce no confusion since these tangent vectors
‘live’ in totally different places.
2.1. Remark. Let c : [a, b]→ PCV \ SV be a piecewise smooth path. Then there exists a piecewise
smooth lift c0 : [a, b]→ V such that
〈
c0(s), c0(s)
〉
= σ ∈ {−1,+1} and 〈c0(s), c˙0(s)〉 = 0 for all s ∈ [a, b].
Such a lift is unique modulo multiplication by a unitary constant u ∈ C, |u| = 1.
Proof. It is easy to find a piecewise smooth lift with
〈
c0(s), c0(s)
〉
= σ ∈ {−1,+1}. It follows that〈
c0(s), c˙0(s)
〉
= if(s) for all s ∈ [a, b], where f : [a, b] → R is piecewise continuous. We can find a
piecewise smooth function ϕ : [a, b]→ R such that ϕ˙(s)σ = f(s) for all s ∈ [a, b]. Now〈
eiϕ(s)c0(s),
(
eiϕ(s)c0(s)
)′〉
=
〈
c0(s), c˙0(s)
〉
+
〈
eiϕ(s)c0(s), e
iϕ(s)iϕ˙(s)c0(s)
〉
=
= i
(
f(s)− ϕ˙(s)〈c0(s), c0(s)〉) = 0.
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For another lift g(s)c0(s), g : [a, b] → C, it follows from
〈
g(s)c0(s), g(s)c0(s)
〉
= σ that
∣∣g(s)∣∣ = 1
and, from
〈
g(s)c0(s),
(
g(s)c0(s)
)′〉
= 0, we deduce g(s)g˙(s)σ = 0 and, hence, g˙(s) = 0 
The lift c0 in Remark 2.1 is said to be normalized.
Note that a normalized lift of a closed path can be nonclosed. For instance, for orthonormal positive
p, p′ ∈ V , put c0(s) := p cos s + p′ sin s, s ∈ [0, π] (see Proposition 2.6). Clearly,
〈
c0(s), c0(s)
〉
= 1,
c˙0(s) = −p sin s+ p′ cos s, and
〈
c0(s), c˙0(s)
〉
= 0. So, c is a closed path, whereas c0(π) = −c0(0).
In fact, we obtain a U(1)-connection in the tautological line bundle over PCV \ SV .
2.2. Remark. Let c : [a, b] → PCV \ SV be a piecewise smooth path and let c0 : [a, b] → V be a
normalized lift of c. Then c˙(t) =
〈−, c0(t)〉σc˙0(t) by [AGG, Lemma 4.1.4] 
The group SU V is given by the ‘equations’ detX = 1 and 〈Xv1, Xv2〉 = 〈v1, v2〉, v1, v2 ∈ V . As the
Lie algebra suV is the tangent space T1 SUV , it is given inside LinC(V, V ) by the ‘equations’ tr Y = 0
and 〈Y v1, v2〉 + 〈v1, Y v2〉 = 0, v1, v2 ∈ V , which can be also written as trY = 0 and Y + Y ∗ = 0.
Identifying LinC(V, V ) ≃ V ∗⊗CV , we have Y ∗ = 〈−, v〉p for Y := 〈−, p〉v. So, tr Y = tr Y ∗ if 〈v, p〉 ∈ R.
Clearly, TF SUV = F · suV = suV · F for every F ∈ SUV .
2.3. Definition. For p ∈ PCV \SV and t ∈ Tp PCV ⊂ LinC(V, V ), denote t̂ := t− t∗ ∈ suV . Given a
piecewise smooth path c : [a, b]→ PCV \ SV and some F0 ∈ SUV , we have a piecewise continuous patĥ˙c : [a, b] → suV . The Cauchy problem F˙ = ̂˙c · F , F (a) = F0, has a unique piecewise smooth solution
F : [a, b]→ SUV . We call F the isometry following the path c and beginning with F0. Denote by Fc the
isometry that follows c and begins with 1.
Denote by c ∪ c′ : [a, d] → X the concatenation of paths c : [a, b] → X and c′ : [b, d] → X such that
c(b) = c′(b).
2.4. Proposition. Let c : [a, b]→ PCV \ SV and c′ : [b, d]→ PCV \ SV be piecewise smooth paths
such that c(b) = c′(b), let F0 ∈ SUV , and let ϕ, ψ : [a′, b′] → [a, b] be piecewise smooth reparameteri-
zations of c such that ϕ(a′) = a, ϕ(b′) = b and ψ(a′) = b, ψ(b′) = a. Denote by F the isometry that
follows c and begins with F0. Then
• F (s) = Fc(s)F0 for all s ∈ [a, b],
• Fc∪c′ = Fc ∪ Fc′Fc(b),
• Fc ◦ ϕ = Fc◦ϕ,
• Fc ◦ ψ = Fc◦ψFc(b),
• Fc(s)
(
c0(a)
)
= c0(s) for all s ∈ [a, b], where c0 : [a, b]→ V stands for a normalized lift of c.
Proof. We will prove only the last two statements. For α := c ◦ ψ, we have α˙(s) = c˙(ψ(s))ψ˙(s) and̂˙α(s) = ̂˙c(ψ(s))ψ˙(s). Since (Fc ◦ ψ)′(s) = F˙c(ψ(s))ψ˙(s) = ̂˙c(ψ(s))Fc(ψ(s))ψ˙(s) = ̂˙α(s)(Fc ◦ ψ)(s) and
(Fc ◦ ψ)(a′) = Fc(b), the fact follows.
For β(s) := Fc(s)
(
c0(a)
)
, we have
β˙(s) = F˙c(s)
(
c0(a)
)
= ̂˙c(s)Fc(s)(c0(a)) = (c˙(s)− (c˙(s))∗)β(s) =
=
(〈−, c0(s)〉σc˙0(s)− 〈−, c˙0(s)〉σc0(s))β(s) = 〈β(s), c0(s)〉σc˙0(s)− 〈β(s), c˙0(s)〉σc0(s)
by Remark 2.2. It remains to observe that both β(s) and c0(s) serve as solutions for the Cauchy problem
y˙(s) =
〈
y(s), c0(s)
〉
σc˙0(s)−
〈
y(s), c˙0(s)
〉
σc0(s), y(a) = c0(a), for an unknown y : [a, b]→ V 
2.5. Lemma. Let p ∈ PCV \ SV , let c : [a, b] → PCV \ SV be a piecewise smooth path, and let
c(a) = F0p with F0 ∈ SU V . Then the isometry F : [a, b]→ SUV that follows c and begins with F0 is a
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horizontal lift of c with respect to the connection in the bundle SUV → SUV/ Stab p whose horizontal
spaces are the tangent subspaces orthogonal to cosets with respect to the Killing form.
Proof. For a nonisotropic q, the subspace T̂q PCV ⊂ suV coincides with (T1 Stab q)⊥. Indeed,
let l ∈ T1 Stab q and let t ∈ Tq PCV , that is, t = 〈−, q〉v, 〈v, q〉 = 0, l ∈ suV , and lq = 0. Then
tr(lt̂) = 〈lv, q〉 = −〈v, lq〉 = 0. It remains to compare the dimensions of T̂q PCV and (T1 Stab q)⊥.
In particular, F˙ (s) ∈ (T1 Stab c(s))⊥ · F (s) for any s ∈ [a, b]. By Proposition 2.4, F (s) = Fc(s)F0
and F (s)p = c(s). Hence,
(
Stab c(s)
)
F (s) = F (s) Stab p and F˙ (s) ∈ F (s) · (T1 Stab p)⊥ 
We will describe isometries following geodesics. Due to Proposition 2.4, we should not worry much
about the way of parameterizing geodesics. So, we use the most convenient parameter. The bend-
ing B(s) involving p1, p2 is in fact the isometry following the geodesic G ≀p1, p2≀ taken with a certain
parameterization proportional to the natural one. It is explicitly defined in the proof of the following
proposition.
2.6. Proposition. Let p1, p2 ∈ PCV \ SV be distinct and nonorthogonal. All solutions x1, x2 ∈
PCV \ SV of the equation R(x2)R(x1) = R(p2)R(p1) can be described as follows.
There exists a one-parameter subgroup B : (R,+)→ SUV called bending involving p1, p2 such that
B(s) commutes with R(p2)R(p1) and B(s)G = G for all s ∈ R, where G := G ≀p1, p2≀ stands for the
geodesic joining p1, p2. If p1, p2 have the same sign, then B(1)p1 = p2. If p1, p2 have different signs,
the point B(1)p1 ∈ G is orthogonal to p2.
For an arbitrary s ∈ R, we define qj := B(s)pj , j = 1, 2. Then R(q2)R(q1) = R(p2)R(p1). If G
is noneuclidean, we denote by q′j ∈ G the point orthogonal to qj ∈ G, j = 1, 2. Then R(q′2)R(q′1) =
R(p2)R(p1).
Proof. Denote by p the polar point to L := L(p1, p2). Note that the points x1, x2 subject to
R(x2)R(x1) = R(p2)R(p1) cannot be equal or orthogonal by Remark 3.2. If L is noneuclidean, the
equality R(q2)R(q1) = R(p2)R(p1) implies the equality R(q
′
2)R(q
′
1) = R(p2)R(p1). Indeed, using the
orthogonal relations (see Remark 3.2), we obtain R(p2)R(p1) = R(q2)R(q1) = R(q2)R(p)R(p)R(q1) =
R(q′2)R(q
′
1).
• Suppose that G is hyperbolic. Choose representatives of the vertices v1, v2 ∈ G∩SV such that
the Gram matrix of v1, v2, p equals
[
0 12 0
1
2 0 0
0 0 1
]
, p1 = v1 + σ1v2, and p2 = e
−av1 + σ2eav2, 0 6= a ∈ R,
where σj := σpj , j = 1, 2. The positive/negative points in G have the form c±(s) := e−asv1 ± easv2,
s ∈ R. It is easy to see that 〈c±(s), c±(s)〉 = ±1 and 〈c±(s), c˙±(s)〉 = 0. So, the lifts are normalized.
By Remark 2.2, c˙±(s) = ±
〈−, c±(s)〉c˙±(s). It follows that ̂˙c(s) := ̂˙c+(s) = ̂˙c−(s) = [−a 0 00 a 0
0 0 0
]
. Obviously,
F (s) := Fc+(s) = Fc−(s) =
[
e−as 0 0
0 eas 0
0 0 1
]
∈ SU(2, 1) meets the conditions F˙ (s) = ̂˙c(s)F (s) and F (0) = 1.
We define B(t) := F (t) and call the one-parametric subgroupB : (R,+)→ SU V the bending involving
p1, p2. Note that B(1)p1 = p2 if σ1 = σ2 and B(1)p1 ∈ L is orthogonal to p2 ∈ L if σ1 6= σ2.
It is easy to verify that B(s′)c±(s) = c±(s + s′) and R
(
c±(s)
)
=
[
0 ±e−2as 0
±e2as 0 0
0 0 −1
]
for all s, s′ ∈ R.
So, R
(
cσ2(s2)
)
R
(
cσ1(s1)
)
=
[
σ1σ2e
−2a(s2−s1) 0 0
0 σ1σ2e
2a(s2−s1) 0
0 0 1
]
and R(q2)R(q1) = R(p2)R(p1).
For the converse, it suffices to observe that the points x1, x2 ∈ PCV \ SV meeting the equation
R(x2)R(x1) = R(p2)R(p1) have to belong to the geodesic G because G is determined by the fixed points
v1, v2, p of R(p2)R(p1).
• Suppose that G is spherical. Let p′1 ∈ G be such that p1, p′1 are orthonormal. For every fixed
0 6= a ∈ R, the points in G have the form c(s) := p1 cos as + p′1 sin as, s ∈ R. It is easy to see that
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this formula provides a normalized lift of c. Choose a ∈ (0, pi2 ) and representatives of p1, p′1, p2 such
that p1, p
′
1 are orthonormal and c(1) = p2. By Remark 2.2, c˙(s) =
〈−, c(s)〉c˙(t). In the orthonormal
basis p1, p
′
1, p, we have ̂˙c(s) = [ 0 −a 0a 0 0
0 0 0
]
. So, Fc(s) =
[
cosas − sin as 0
sin as cosas 0
0 0 1
]
∈ SU(2, 1) meets the conditions
F˙c(s) = ̂˙c(s)Fc(s) and Fc(0) = 1.
We define B(s) := Fc(s) and call the one-parametric subgroup B : (R,+) → SUV the bending
involving p1, p2. Obviously, B(1)p1 = p2.
It is easy to verify that B(s′)c(s) = c(s + s′) and R
(
c(s)
)
=
[
cos 2as sin 2as 0
sin 2as − cos 2as 0
0 0 −1
]
. This implies that
R
(
c(s2)
)
R
(
c(s1)
)
=
[
cos 2a(s2−s1) − sin 2a(s2−s1) 0
sin 2a(s2−s1) cos 2a(s2−s1) 0
0 0 1
]
and R(q2)R(q1) = R(p2)R(p1).
It remains to observe that the fixed points p1+ ip
′
1, p1− ip′1, p of R(p2)R(p1) determine2 the geodesic
G since G =
{
g ∈ L | ta(g, p+ ip′) = ta(g, p− ip′)}.
• Suppose that G is euclidean. Choose b ∈ BV ∩ PCp⊥1 and representatives of b, p1, p, p2 such that
the Gram matrix of b, p1, p equals
[−1 0 1
0 1 0
1 0 0
]
and p2 = p1 + ap for some a > 0. Every point in G but p
has the form c0(s) := p1 + asp, s ∈ R. It is easy to see that another choice of b and the representatives
does not change the parameterization c(s) of G (however, it may change a). Since
〈
c0(s), c0(s)
〉
= 1
and
〈
c0(s), c˙0(s)
〉
= 0, the lift c0 is normalized. By Remark 2.2, c˙(s) =
〈−, c0(s)〉c˙0(s) = 〈−, c0(s)〉ap.
It follows that ̂˙c0(s) = [ 0 0 0−a 0 0
0 a 0
]
in the basis b, p1, p. Therefore, Fc(s) =
[
1 0 0
−as 1 0
−a2s2/2 as 1
]
∈ SU(2, 1) meets
the conditions F˙c(s) = ̂˙c(s)Fc(s) and Fc(0) = 1.
We define B(s) := Fc(s) and call the one-parametric subgroup B : (R,+) → SU(2, 1) the bending
involving p1, p2. Obviously, B(1)p1 = p2.
A straightforward verification shows that B(s′)c0(s) = c0(s + s′) and R
(
c0(s)
)
=
[ −1 0 0
2as 1 0
2a2s2 2as −1
]
.
Hence, R
(
c0(s2)
)
R
(
c0(s1)
)
=
[
1 0 0
−2a(s2−s1) 1 0
−2a2(s2−s1)2 2a(s2−s1) 1
]
. So, R(q2)R(q1) = R(p2)R(p1) and these are
unique solutions x1, x2 ∈ G of the equation R(x2)R(x1) = R(p2)R(p1).
As p is the only fixed point of R(p2)R(p1), the points x1, x2 subject to the equation R(x2)R(x1) =
R(p2)R(p1) should belong to L. The geodesic G is stable under the action of R(p2)R(p1). So is the
geodesic G ≀x1, x2≀ ⊂ L. Writing down the xj ’s in the form xj = p1 + cjp, cj ∈ C, we conclude that
p1 + (2a+ cj)p ∈ G ≀p1 + c1p, p1 + c2p≀ and derive from this that c1, c2 ∈ R 
It is not difficult to show that the slice identification introduced in [AGG] and the meridional transport
mentioned in [AGr] are induced by suitable bendings. Also, one can derive the formulae for parallel
transport along geodesics, given in [AGr], from the above description of bendings.
3. Bendings and reflections
In this section, we study how an arbitrary relation between reflections can be modified with the help
of short relations (n ≤ 4). Also, we show that almost all isometries in SU V are products of 3 reflections.
Let p ∈ PCV \ SV . The reflection R(p) : V → V in p is defined as
R(p) : x 7→ 2 〈x,p〉〈p,p〉p− x.
It is easy to see that R(p) ∈ SUV and R(p)R(p) = 1.
2I am indebted to Carlos Henrique Grossi Ferreira for pointing out this nice and easy fact.
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Given pairwise orthogonal p1, p2, p3 ∈ PCV \ SV , it is immediate that the R(pi)’s commute and
R(p3)R(p2)R(p1) = 1.
Denote
ta(p1, p2) :=
g12g21
g11g22
, α(p1, p2, p3) := Im
g12g23g31
g11g22g33
, β(p1, p2, p3) :=
det[gjl]
g11g22g33
, τ(p1, p2, p3) := Re
g13g22
g12g23
,
where [gjk] stands for the Gram matrix of nonisotropic p1, p2, p3 ∈ V , i.e., gjk := 〈pj , pk〉.
3.1. Lemma (compare with [Pra]). Let [gjk] be the Gram matrix of p1, . . . , pn ∈ PCV \ SV . Then
tr
(
R(pn) . . . R(p1)
)
= (−1)n
(
3− 2n+
∑
1≤i1<···<it≤n
2≤t≤n
(−2)t gi1i2gi2i3 . . . git−1itgiti1
gi1i1gi2i2 . . . git−1it−1gitit
)
.
In particular,
tr
(
R(p1)
)
= −1, tr (R(p2)R(p1)) = 4 ta(p1, p2)− 1,
tr
(
R(p3)R(p2)R(p1)
)
= 8iα(p1, p2, p3) + 4β(p1, p2, p3)− 1.
Proof. The facts that the trace of x 7→ 〈x, q〉p equals 〈p, q〉 and that tr 1 = 3 imply the general
formula. The rest follows from
det[gjl] = g11g22g33 + 2Re(g12g23g31)− g13g31g22 − g12g21g33 − g23g32g11 =
= g11g22g33
(
1 + 2Re(g12g23g31)g11g22g33 − ta(p1, p2)− ta(p2, p3)− ta(p3, p1)
)
,
tr
(
R(p3)R(p2)R(p1)
)
= 3− 4( ta(p1, p2) + ta(p2, p3) + ta(p3, p1))+ 8 g12g23g31g11g22g33 
The following well-known facts are straightforward or easily follow from Lemma 3.1 :
3.2. Remark. Let δ ∈ C be such that δ3 = 1 and let p1, p2, p3 ∈ PCV \ SV .
• If F 2 = δ for some F ∈ SUV , then either F = δ2 or F = δ2R(p) for a suitable p ∈ PCV \ SV .
• If R(p2)R(p1) = δ, then δ = 1 and p1 = p2.
• If R(p3)R(p2)R(p1) = δ, then δ = 1 and p1, p2, p3 are pairwise orthogonal 
Suppose that R(q1)R(p1) = δR(q2)R(p2) with δ
3 = 1. Then δ = 1. Indeed, 4 ta(p1, q1) − 1 =
δ
(
4 ta(p2, q2) − 1
)
by Lemma 3.1. If δ 6= 1, then 4 ta(pj , qj) = 1 and the projective line L(pj , qj) is
spherical, j = 1, 2. Hence, the polar point bj to L(pj , qj) is negative. Being bj the only negative fixed
point of R(qj)R(pj), we obtain b1 = b2. The other two fixed points of R(q1)R(p1) and of R(q2)R(p2)
also coincide. For the reason used in the proof of Proposition 2.6, G ≀p1, q1≀ = G ≀p2, q2≀. Applying a
suitable bending involving p2, q2, we can assume that p2 = p1. A contradiction.
So, from Remark 3.2 and Proposition 2.6, we obtain the following corollary.
3.3. Corollary. All relations with n ≤ 4 follow from cancellations, orthogonal relations, and bending
relations 
3.4. Remark. Given p1, p2, p3 ∈ PCV \ SV such that p1, p2 are distinct nonorthogonal and L :=
L(p1, p2) is not spherical, the projective line L(p2, p3) becomes hyperbolic after a suitable bending
involving p1, p2 except in the following cases:
• L is euclidean and p3 ∈ L,
• L is hyperbolic and p3 is the polar point to L.
Proof. Denote by p the polar point to L. We can assume that 〈p2, p2〉 = 〈p3, p3〉 = 1.
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Suppose that L is euclidean and that p3 /∈ L, i.e., 〈p, p3〉 6= 0. Every point in G ≀p1, p2≀ \ {p} has
the form p2 + sp, s ∈ R, after a suitable choice of a representative p ∈ V . Hence, ta(p2 + sp, p3) =∣∣〈p2, p3〉+ s〈p, p3〉∣∣2 →∞ while s→∞ because 〈p, p3〉 6= 0.
Suppose that L is hyperbolic. Every positive point in G ≀p1, p2≀ has the form p(s) = e−sv1 + esv2,
s ∈ R, where v1, v2 stand for representatives of the vertices of G ≀p1, p2≀ such that 〈v1, v2〉 = 12 . Therefore,
ta
(
p(t), p3
)
=
∣∣e−s〈v1, p3〉+ es〈v2, p3〉∣∣2 →∞ while s→ ±∞ unless 〈v1, p3〉 = 〈v2, p3〉 = 0 
3.5. Corollary. Let R(pn) . . . R(p1) = δ, where p1, . . . , pn ∈ PCV \ SV and δ3 = 1. Then, using
cancellations, orthogonal relations, and bendings, we can either diminish n or reach a situation where
at most one of the pj’s is positive unless every projective line L(pj−1, pj) is spherical (the indices are
modulo n).
Proof. First, we show how to gain a negative pj . If some L(pj−1, pj) is hyperbolic, this is easy since,
using orthogonal relations, we can simultaneously alter the signs of pj−1, pj, if necessary. So, we assume
L(p1, p2) euclidean. By Remark 3.4, we assume that p3 ∈ L(p1, p2), that is, L(p1, p2) = L(p2, p3). In this
way, we arrive at a situation where the pj ’s belong to the same euclidean projective line L. It remains
to apply elementary euclidean plane arguments. (See the end of [AGr, Subsection 3.1] for the descrip-
tion of geodesics in an euclidean projective line.) If the geodesics G ≀p1, p2≀ and G ≀p3, p4≀ intersect, i.e.,
q
p1
p2
p3
p4
p1
p2
p3
p4
if they have a common point q different from the polar point to L, then
we obtain p3 = q after a suitable bending involving p3, p4. Hence, p3 ∈
G ≀p1, p2≀ and some bending involving p2, p3 provides p2 = p1, i.e., a cancel-
lation. If p5 ∈ G ≀p3, p4≀, then we can get p3 = p4 with a bending involving
p1p2
p3
p4
p5
p4, p5. If p5 /∈ G ≀p3, p4≀, a ‘small’ bending involving p4, p5 makes G ≀p1, p2≀ and G ≀p3, p4≀
intersect.
Without loss of generality, we assume p1, . . . , pj−1 negative and pj, pn positive, 1 <
j < n. If pj+1 is the polar point to L(pj−1, pj), we can diminish n by using an orthogonal
relation. Otherwise, by Remark 3.4, L(pj , pj+1) becomes hyperbolic after a bending involving pj−1, pj .
It remains to alter the signs of pj , pj+1, if necessary 
3.6. Definition. Let d = 2. A triple of points p1, p2, p3 ∈ PCV \ SV is said to be regular if p1, p2, p3
are not in a same geodesic, p2 is not orthogonal to pj for j = 1, 3, and at most one of p1, p2, p3 is
positive. A regular triple p1, p2, p3 is strongly regular when p1, p2, p3 are not in a same projective line
and p1, p2, p3 are all negative if they belong to a same real plane. An isometry F ∈ SUV is called regular
if dimC{v ∈ V | Fv = cv} ≤ 1 for any c ∈ C.
3.7. Lemma. Let p1, p2, p3 be a regular triple. Then the isometry F := R(p3)R(p2)R(p1) is regular.
Proof. Suppose that dimC{v ∈ V | Fv = cv} ≥ 2. Then |c| = 1. Note that c 6= −1. Otherwise,
F = R(p) is a reflection and p, p1, p2, p3 are in a same geodesic by Proposition 2.6, contradicting the
assumption that the triple is regular. We can pick 0 6= v ∈ V such that 〈v, p1〉 = 0 and Fv = cv.
This means that R(p1)v = −v and, hence, R(p2)v + cR(p3)v = 0. In other words, assuming that
σj := 〈pj , pj〉 ∈ {−1, 1}, we obtain 2σ2〈v, p2〉p2 + 2σ3c〈v, p3〉p3 = (1 + c)v. Since 1 + c 6= 0 and p2, p3
are C-linearly independent, we conclude that v ∈ Cp2 + Cp3. If v is proportional to one of p2, p3, then
〈p2, p3〉 = 0, which is impossible for a regular triple. Hence, we can assume that v = zp2 + p3, for some
0 6= z ∈ C. By a straightforward calculation, we obtain 〈p2, p3〉 = σ2(c−1)z2 = σ3(1−c)2cz . Therefore, |z| = 1
and σ2 = σ3, implying σ2 = σ3 = −1 and
∣∣〈p2, p3〉∣∣ < 1. It follows that ta(p2, p3) < 1, a contradiction 
3.8. Proposition. An isometry F ∈ SUV admits the form F = R(p3)R(p2)R(p1), where p1, p2, p3
is a regular triple, iff F is regular and trF 6= −1.
Proof. If tr
(
R(p3)R(p2)R(p1)
)
= −1, then α(p1, p2, p3) = β(p1, p2, p3) = 0 by Lemma 3.1. Hence,
p1, p2, p3 are in a same geodesic.
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Conversely, given a regular F ∈ SUV such that trF 6= −1, write trF = 8iα+ 4β − 1 and β = ∓|β|,
where α, β ∈ R. For sufficiently big g12, g23 > 1, we find t ∈ R satisfying the equation
g212g
2
23(t− 1)2 = (g212 ± 1)(g223 ± 1)− β − α
2
g212g
2
23
.
We have
± detG± = 1+2g212g223t±g212±g223−g212g223t2− α
2
g212g
2
23
= (g212±1)(g223±1)−g212g223(t−1)2− α
2
g212g
2
23
= β = ∓|β|,
where
G± :=
[
−1 g12 ±g12g23t∓ αig12g23
g12 ±1 g23
±g12g23t± αig12g23 g23 −1
]
.
By Sylvester’s Criterion, there exist p1, p2, p3 ∈ V with the Gram matrix G± because g12 > 1 and
detG± ≤ 0. Note that p1, p2, p3 are not in the same geodesic because otherwise α = β = 0 and
trF = −1. It remains to apply Lemma 3.1, [Gol2, Theorem 6.2.4], and Lemma 3.7 
In the sequel, we will need the following well-known fact which can be obtained by straightforward
calculations:
3.9. Remark. Let F ∈ SU V be a regular isometry, let C0(F ) ≤ UV stand for the centralizer of
F in UV , and let C(F ) ≤ PUV denote the image of C0(F ). Then C(F ) is connected, commutative,
and 2-dimensional. 
4. Composition of bendings
Let p1, p2, p3 be a strongly regular triple (see Definition 3.6). In this section, we study compositions
of two types of bendings: those involving p1, p2 and those involving p2, p3.
These bendings preserve the regular isometry F := R(p3)R(p2)R(p1) and the numbers σj := σpj ,
j = 1, 2, 3. So, we fix the σj ’s and α, β ∈ R such that trF = 8iα + 4β − 1, α := α(p1, p2, p3),
and β := β(p1, p2, p3) (see Lemma 3.1). By Definition 3.6, Lemma 3.1, Proposition 3.8, and Sylvester’s
Criterion, the only restrictions on the numbers σ1, σ2, σ3, α, β are
• σ1σ2σ3β < 0, at most one of the σj ’s is positive, and α = 0 =⇒ σ1 = σ2 = σ3 = −1.
We will frequently choose representatives of p1, p2, p2 such that gjj = σj and g12, g23 > 0, where [gjk]
stands for the Gram matrix of p1, p2, p2. Such a Gram matrix is called standard. Note that the standard
Gram matrix is uniquely determined by a strongly regular triple p1, p2, p2 ∈ PCV .
When α = 0, the standard Gram matrix is real. In this case, the triple lies in (and spans) a real
plane. Such a triple is said to be real.
4.1. Geometrical configurations of strongly regular triples. First, we will show that, geo-
metrically, i.e., up to the action of PUV , the strongly regular triples p1, p2, p3 with fixed σ1, σ2, σ3 and
the conjugacy class of F := R(p3)R(p2)R(p1) form a surface S. Then we describe the lines on S that
correspond to the bendings involving p1, p2/p2, p3.
4.1.1. Lemma. Geometrically, a strongly regular triple p1, p2, p3 can be described as a point in the
surface S ⊂ R3(t, t1, t2) given by the equation
(4.1.2) (t1 − 1)(t2 − 1) = t1t2(t− 1)2 + α2t1t2 + β
and by the inequalities
(4.1.3) σ1σ2t1 > 0, σ1σ2t1 > σ1σ2, σ2σ3t2 > 0, σ2σ3t2 > σ2σ3,
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where t1 := ta(p1, p2), t2 := ta(p2, p3), and t := τ(p1, p2, p3) := Re
g13g22
g12g23
.
Proof. By Sylvester’s Criterion, a strongly regular triple p1, p2, p3 is geometrically given by its Gram
matrix [gjk]. We assume it to be standard. Let t1 := ta(p1, p2), t2 := ta(p2, p3), and t := τ(p1, p2, p3) :=
Re g13g22g12g23 . It follows from α(p1, p2, p3) = α that g31 =
g12g23
g22
t+ g11g22g33g12g23 αi. Therefore,
β :=
det[gjk]
g11g22g33
= 1+ 2t1t2 − t1 − t2 − g
2
12g
2
23
g11g222g33
t2 − g11g222g33
g212g
2
23
α2 = 1 + 2t1t2 − t1 − t2 − t1t2t2 − α2t1t2
and we arrive at (4.1.2). The inequalities σ1σ2t1 > σ1σ2 and σ2σ3t2 > σ2σ3 follow from the fact that
the projective lines L(p1, p2) and L(p2, p3) are hyperbolic.
Conversely, let (t, t1, t2) ∈ S. We put gjj := σj for j = 1, 2, 3, g12 := g21 :=
√
σ1σ2t1 > 0,
g23 := g32 :=
√
σ2σ3t2 > 0, g31 :=
g12g23
g22
t + g11g22g33g12g23 αi, and g13 := g31. The equation (4.1.2) implies
that det[gjk] = σ1σ2σ3β. By Sylvester’s Criterion, there are points p1, p2, p3 ∈ V with the Gram matrix
[gjk] because at most one of the σj ’s is positive, σ1σ2t1 > σ1σ2, and σ1σ2σ3β < 0 
Given r1, r2 ∈ R such that σ1σ2r1 > 0, σ1σ2r1 > σ1σ2, σ2σ3r2 > 0, and σ2σ3r2 > σ2σ3, denote by
Vr1 , Hr2 , and C the lines given in S respectively by the equations t1 = r1, t1 = r2, and t = 1. We call
Vr1/Hr2 a vertical/horizontal line. Obviously, the intersection of a vertical line and a horizontal one is
either empty or a point in C or consists of two points outside C.
4.1.4. Lemma. Every vertical/horizontal line is non-
empty, smooth, and connected. It intersects C in exactly 1
point and corresponds to the bendings involving the points
p1, p2/p2, p3. The surface S is a topological plane fibred by
vertical/horizontal lines. If a vertical and a horizontal lines
intersect outside C, this intersection is transversal.
Proof. Let Q ⊂ R2(t1, t2) denote the quadrant given by
the inequalities (4.1.3). The projection of the surface S into
the plane R2(t1, t2) coincides with the region R ⊂ Q given
in Q by the inequality f(t1, t2) ≥ 0, where f(t1, t2) :=
σ1σ3
(
(t1 − 1)(t2 − 1) − α2t1t2 − β
)
. The map S → R is
a double covering ramified along C. The fact that ver-
tical/horizontal lines of S are smooth follows straightfor-
wardly.3 Such lines project into the intersections with R of
the vertical/horizontal lines of the plane R2(t1, t2).
Let σ2σ3r2 > 0 and σ2σ3r2 > σ2σ3. The function
f(σ1σ2x, r2) = (x− σ1σ2)(σ2σ3r2 − σ2σ3)− α2σ2σ3r2x + σ2|β|
is increasing in x > 0 and lim
x→+∞
f(σ1σ2x, r2) = +∞. Also, it takes negative values for x > max(σ1σ2, 0).
Indeed, if σ1σ2 = 1, then lim
x→+1
f(σ1σ2x, r2) = − α2σ2σ3r2 − |β|. If σ1σ2 = −1, then α 6= 0 and
lim
x→+0
f(σ1σ2x, r2) = −∞. We conclude that every horizontal line of Q intersects C in exactly 1 point.
Hence, every horizontal line of S is connected and intersects C in exactly 1 point. By symmetry, the same
is true for vertical lines.
3For example, if the derivatives of r1t2(t− 1)2 +
α2
r1t2
+ β− (r1 − 1)(t2 − 1) with respect to t and t2 equal respectively
r2(t − 1)2 −
α2
r1t
2
2
− (r1 − 1) and 2r1t2(t − 1). If both vanish, then t = 1 and
α2
t2
2
+ r1(r1 − 1) = 0. On the other hand,
r1(r1 − 1) = σ1σ2r1(σ1σ2r2 − σ1σ2) > 0.
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It remains to prove the claim concerning the bendings. By symmetry, we deal only with vertical
lines. Obviously, when we bend p1, p2, we keep t1 constant, t1 = r1. Denote by v1, v2 the vertices of the
geodesic G ≀p1, p2≀ and choose representatives of p1, p2, p3, v1, v2 such that 〈p3, p3〉 = σ3, 〈v1, v2〉 = 12 ,
p1 = v1 + σ1v2, and p2 = e
−av1 + σ2eav2 with a > 0 and a 6= 1. The formulae
p1(s) := e
−asv1 + σ1easv2, p2(s) := e−a(s+1)v1 + σ2ea(s+1)v2, s ∈ R,
describe the bendings involving p1, p2. Denote zj := 〈vj , p3〉 and cj := |zj | for j = 1, 2. Note that
zj 6= 0. Indeed, suppose that z2 = 0. Then σ3 = 1, hence, σ1 = σ2 = −1 and α 6= 0. On the other hand,
α = σ1σ2σ3 Im
(
1
2 (σ1e
−a + σ2ea)e−a(2s+1)z1z1
)
= 0, a contradiction.
From
t(s) = Re 2(e
−asz1+σ1e
asz2)σ2
(σ1e−a+σ2ea)(e−a(s+1)z1+σ2ea(s+1)z2)
=
2(σ2e
−a(2s+1)c21+(σ1σ2e
−a+ea) Re(z1z2)+σ1e
a(2s+1)c22)
(σ1e−a+σ2ea)|e−a(s+1)z1+σ2ea(s+1)z2|2 ,
we obtain
lim
s→−∞ t(s) + lims→+∞ t(s) =
2σ2
(σ1e−a+σ2ea)e−a
+ 2σ1(σ1e−a+σ2ea)ea = 2.
So, lims→−∞ t(s)− 1 and lims→+∞ t(s)− 1 have opposite signs. On the other hand, the function
σ2σ3t2(s) = |e−a(s+1)z1 + σ2ea(s+1)z2|2 = e−2a(s+1)c21 + e2a(s+1)c22 + 2σ2Re(z1z2)
in s possesses exactly one minimum and lim
s→±∞
σ2σ3t2(s) = +∞. Taking into account the above descrip-
tion of a vertical line and its projection into Q, this completes the proof 
4.1.5. Corollary. The bending involving p1, p2/p2, p3 keeps any strongly regular triple p1, p2, p3
strongly regular. Geometrically, all strongly regular triples with fixed α, β, and σj ’s are connected by
means of such bendings 
4.2. Holonomy of strongly regular triples. It can easily happen that, after a few bendings
involving p1, p2/p2, p3, we obtain from a strongly regular triple p1, p2, p3 a different triple p
′
1, p
′
2, p
′
3
which is geometrically the same. In order to study this phenomena, we introduce some formal settings.
EF ✲E✲ SUV
❅❅❘ ❄
π
S
Denote by E the manifold of all strongly regular triples p1, p2, p3 ∈ PCV (the con-
jugacy class of R(p3)R(p2)R(p1) ∈ SUV and the σj ’s are fixed). To every such
triple, we can associate its standard Gram matrix; this matrix determines a triple
of representatives p1, p2, p3 ∈ V , unique up to a unitary factor. We obtain the map
π : E → S. By Sylvester’s Criterion, π is a principal PUV -bundle.
To every triple p := (p1, p2, p3) ∈ E, we associate the isometry Fp := R(p3)R(p2)R(p1) ∈ SUV .
The left action of PUV on E induces the conjugation at the level of Fp. Indeed, let g ∈ UV be a
representative of g ∈ PUV . Then
Fgp = R(gp3)R(gp2)R(gp1) = gR(p3)R(p2)R(p1)g
−1 = gFpg−1.
In particular, the triples p with fixed Fp = F form a principal C(F )-bundle EF → S.
By Lemma 4.1.4, every vertical/horizontal line in S lifts to the trajectory of the corresponding
bending. This provides a connection over S \ C because at any point q ∈ S \ C the tangent vectors to
the vertical and horizontal lines passing through q generate the tangent space Tq S. (However, at a point
in C, the vertical and horizontal lines are tangent.) Denote by H(q0) the corresponding (connected)
holonomy group at q0 ∈ S \ C and, for any p ∈ π−1(q0), let
H(p) :=
{
g ∈ PUV | gp = ph for some h ∈ H(q0)
} ≤ PUV
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stand for the corresponding subgroup. (By convention, H(q0) acts on π
−1(q0) from the right and this
action commutes with that of PUV .)
Consider a piecewise vertical-horizontal path c : [a, b] → S and its lift c˜ : [a, b] → E, π ◦ c˜ = c,
that begins at an arbitrary p ∈ π−1(c(a)), c˜(a) = p. By construction, the path c˜ lies entirely in
some EF . Denote by ϕc : [a, b] → PGLV the path given by pϕc(s) = c˜(s) in terms of representa-
tives p1, p2, p3 ∈ V with standard Gram matrix such that p = (p1, p2, p3), where (p1, p2, p3)ϕc(s) :=(
ϕc(s)
−1p1, ϕc(s)−1p2, ϕc(s)−1p3
)
. As it is easy to see, the lift of c that begins at another point
gp ∈ π−1(c(a)), g ∈ PUV , provides the same ϕc.
Let c′ : [b, d] → S be one more piecewise vertical-horizontal path. Then, of course, ϕc∪c′(d) =
ϕc(b) ◦ ϕc′(d). In this way, we can explicitly find the paths ϕc’s for piecewise vertical-horizontal c’s if
we know ϕc in the simple cases of a vertical/horizontal c.
Pick an arbitrary basic point q0 ∈ S and consider closed piecewise vertical-horizontal paths c that
begin at q0. The corresponding ϕc’s form a subgroup H0(q0) ≤ PGLV called rectangle holonomy group
at q0. For any p ∈ π−1(q0), denote H0(p) :=
{
g ∈ PUV | gp = ph for some h ∈ H0(q0)
} ≤ PUV . Since
the lift of any vertical-horizontal path lies entirely in some EF , we obtain H0(p) ≤ C(Fp).
The rectangle holonomy group H0(q
′
0) at another basic point q
′
0 ∈ S is isomorphic to H0(q0)
by means of the conjugation by ϕc, where c is a piecewise vertical-horizontal path from q0 to q
′
0,
H0(q0) = ϕcH0(q
′
0)ϕ
−1
c . As H0(q0) ≃ H0(p) ≤ C(Fp) is commutative by Remark 3.9, this isomorphism
is independent of the choice of c.
We can contract any closed piecewise vertical-horizontal path based at q0, keeping it piecewise vertical-
horizontal and based at q0 during the contraction. Therefore, H0(q0) is path-connected. Any piecewise
smooth closed path based at q0 ∈ S \ C can be approximated by a piecewise vertical-horizontal one.
So, H0(q0) is dense in H(q0). Since H(q0) is known to be a connected Lie group, we conclude that
H(p) is a closed connected subgroup in C(Fp) for any p ∈ π−1(q0). Moreover, H(q0) = H0(q0). Indeed,
as H(q0) is abelian and H0(q0) is path-connected, the subgroup H0(q0) is the image of a linear subspace
under the exponential map. It remains to observe that a small piecewise smooth closed path based at
q0 ∈ S \ C can be approximated by a small piecewise vertical-horizontal one.
Let p be a real strongly regular triple and let R denote the corresponding real plane. Then H0(p) ≤
StabR because the bendings involving p1, p2/p2, p3 keep the triple inside R. Since H0(p) is path-
connected, H0(p) ≤ Stab+R, where Stab+R ≤ PUV denotes the group of orientation-preserving
isometries of the hyperbolic plane R. So, H0(p) ≤ Stab+R∩C(Fp). It is immediate that Stab+R∩C(Fp)
is the 1-parameter subgroup generated by Fp in the group of isometries of the hyperbolic plane R.
Summarizing, we arrive at the following
4.2.1. Lemma. The rectangle holonomy group coincides with the holonomy group, i.e., H0(p) =
H(p) for any strongly regular triple p ∈ E. Moreover, H0(p) is a connected Lie subgroup in C(Fp),
H0(p) ≤ C(Fp), where Fp := R(p3)R(p2)R(p1).
If p is real, then H0(p) lies in the 1-parameter subgroup generated by Fp in the group of isometries
of the hyperbolic plane R, H0(p) ≤ Stab+R∩C(Fp), where R stands for the real plane spanned by p 
The main result of this paper is the following
4.2.2. Theorem. Let p := (p1, p2, p3) be a strongly regular triple and let Fp := R(p3)R(p2)R(p1).
Then H0(p) = C(Fp) unless the triple is real. If the triple is real, then H0(p) = Stab
+R∩C(Fp), where
R stands for the real plane of the triple.
4.2.3. Tangent space to EF . In order to prove Theorem 4.2.2, we are going to explicitly find the
curvature tensor of the connection on EF → S and, using the Ambrose-Singer theorem, to calculate the
holonomy group H(p). So, we fix F .
A tangent vector t ∈ Tp EF can be described as a triple t := (t1, t2, t3) such that
(4.2.4) ddε
∣∣
ε=0
R
(
p3 + εt3(p3)
)
R
(
p2 + εt2(p2)
)
R
(
p1 + εt1(p1)
)
= 0,
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where p = (p1, p2, p3) and ti ∈ Tpi PCV ⊂ LinC(V, V ). One can easily verify that
d
dε
∣∣
ε=0
R
(
pi + εti(pi)
)
= 2(ti + t
∗
i ) = 2t̂iR(pi) ∈ TR(pi) SU V = suV · R(pi)
and that t̂jR(pj) +R(pj)t̂j = 0 (see Definition 2.3 for t̂). Hence, (4.2.4) is equivalent to
t̂3R(p3)R(p2)R(p1) +R(p3)t̂2R(p2)R(p1) +R(p3)R(p2)t̂1R(p1) = 0,
i.e., to
(4.2.5) −t̂3 + t̂2 +R(p2)t̂1R(p2) = 0.
We have reduced the task of describing the tangent space TpEF to the following one. Given a regular
triple p′ = (p′2, p
′
1, p
′
3) (where p
′
1 := R(p2)p1, p
′
2 = p2, and p
′
3 = p3; note that F = R(p
′
3)R(p
′
1)R(p
′
2)),
we look for t′j ∈ Tp′j PCV (where t′1 := R(p2)t1, t′2 := t2, and t′3 := −t3) such that t̂′3 + t̂′2 + t̂′1 = 0.
Let [g′jk] denote the Gram matrix of the p
′
j ’s and let t
′
j :=
∑
k〈−, p′j〉ajkp′k. The equation (4.2.5) is
equivalent to the equalities akj = ajk and the conditions
∑
k ajkp
′
k ∈ p′⊥j are equivalent to the equalities∑
k ajkg
′
kj = 0. They can be rewritten as ajj :=
1
g′
jj
Re
(∑
k 6=j ajk
)
and Im
(∑
k 6=j ajkg
′
kj
)
= 0 for all j.
The last three equations in the ajk’s, j 6= k, are linearly dependent (their sum equals zero) and define
a 4-dimensional space of solutions because g′jk 6= 0.
4.2.6. Lemma. The vector fields
b1(p) :=
(〈−, p1〉( p1g11 − p2g21 ), 〈−, p2〉( p1g12 − p2g22 ), 0), b2(p) := (0, 〈−, p2〉( p2g22 − p3g32 ), 〈−, p3〉( p2g23 − p3g33 ))
defined for all p := (p1, p2, p3) ∈ E never vanish and span the horizontal R-linear space of the connection
on E → S over S \ C, where [gjk] stands for the Gram matrix of the pj ’s. Denote τ := g13g22g12g23 . Then
[b1, b2](p) =
(
〈−, p1〉τ ( p2g21 −
p3
g31
), 〈−, p2〉
(
(2 − τ) p1g12 + 2i Im τ
p2
g22
+ (τ − 2) p3g32
)
, 〈−, p3〉τ( p1g13 −
p2
g23
)
)
.
Proof. It is immediate that the vectors b1 and b2 never vanish and are tangent to the lifts of the
vertical and horizontal lines, respectively.
Let fj be an analytic function on E depending only on pj ∈ PCV , j = 1, 2, 3. Then
b1f1 =
d
dε
∣∣
ε=0
f1(p1 − ε g11g21 p2), b1f2 = ddε
∣∣
ε=0
f2(p2 + ε
g22
g12
p1), b1f3 = 0,
b2f1 = 0, b2f2 =
d
dε
∣∣
ε=0
f2(p2 − ε g22g32 p3), b2f3 = ddε
∣∣
ε=0
f3(p3 + ε
g33
g23
p2),
[b1, b2]f1 = −b2b1f1 = − ddδ
∣∣
δ=0
d
dε
∣∣
ε=0
f1
(
p1 − εg11
p2
g21
+ δ g22g21 (
p2
g22
− p3g32 )
1 + δ g22g21 (
g21
g22
− g31g32 )
)
= 〈−, p1〉 g22g31g32g21 (
p2
g21
− p3g31 )f1.
Similarly, [b1, b2]f3 = 〈−, p3〉τ( p1g13 −
p2
g23
)f3.
We have calculated the first and the last components of the vector [b1, b2](p). Since the vectors
b1(p
′), b2(p′) are tangent to EFp for all p
′ ∈ EFp , the vector [b1, b2](p) has to be tangent to EFp . It is
straightforward that the right-hand side of the expression given in Lemma 4.2.6 satisfies the equa-
tion (4.2.5), which uniquely determines the second component 
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4.2.7. Curvature tensor of EF → S. Let l ∈ suV . By [AGG, Lemma 4.1.4], the associated to l
tangent vector to the fibre of π : E → S at p := (p1, p2, p3) ∈ E has the form(〈−, p1〉pi[p1]l(p1)g11 , 〈−, p2〉pi[p2]l(p2)g22 , 〈−, p3〉pi[p3]l(p3)g33 ),
where π[pj ] : V → p⊥j denotes the orthogonal projection and [gjk] is the Gram matrix of the pj ’s.
Conversely, let t :=
(〈−, p1〉q1, 〈−, p2〉q2, 〈−, p3〉q3) be a tangent vector to E at p := (p1, p2, p3) ∈ E
with qj ∈ p⊥j . Denote by T the C-linear map T : V → V given by T (pj) := gjjqj and consider a C-linear
map L : V → V such that L(pj) := T (pj) − idjpj with dj ∈ R for all j = 1, 2, 3. Then t is tangent to
the fibre iff L ∈ suV for suitable dj ’s. In terms of the basis p1, p2, p3, this means that trT = i trD and
T t[gjk] + [gjk]T = i
(
D[gjk] − [gjk]D
)
, where D :=
[
d1 0 0
0 d2 0
0 0 d3
]
. In other words, t is tangent to the fibre
of π : E → S iff trT ∈ iR and
(4.2.8) T t[gjk] + [gjk]T = i
[
0 a12g12 a13g13
a21g21 0 a23g23
a31g31 a32g32 0
]
with akj = −ajk ∈ R and a12 + a23 + a31 = 0. Moreover, in this case, d1 = d+a12−a313 , d2 = d+a23−a123 ,
d3 =
d+a31−a23
3 , where id := trT . In particular,
(4.2.9) d1 =
d+2a12+a23
3 .
Denote by ω and Ω the 1-form of the connection on EF → S and its curvature tensor, both defined
over S\C. They take values in the Lie algebra c(F ) ≤ suV of the group C(F ). Since Ω(b2∧b1) = ω[b1, b2]
by Lemma 4.2.6, we need the following lemma.
4.2.10. Lemma. Let p := (p1, p2, p3) ∈ EF \ π−1(C). Then
ω[b1, b2](p1) = g11
(1−β−t2)t1t2−2α2
t21t
2
2(t−1) (
p1
g11
− p2g21 ) + g11τ (
p2
g21
− p3g31 ) +
iα(1−β−3t2+2t1t2)
3t21t
2
2(t−1) p1,
where τ := g13g22g12g23 and [gjk] stands for the Gram matrix of the pj ’s.
Proof. By Lemma 4.2.6, there exist unique c1, c2 ∈ R such that the vector c1b1(p)+c2b2(p)+[b1, b2](p)
is tangent to the fibre EF ∩ π−1(q) of EF → S. By Lemma 4.2.6 and the considerations in 4.2.7,
ω[b1, b2](p1) = g11c1(
p1
g11
− p2g21 ) + g11τ (
p2
g21
− p3g31 )− id1p1.
The matrices of b1(p), b2(p), [b1, b2](p) are
B1 :=
[
1
g22
g12
0
− g11
g21
−1 0
0 0 0
]
, B2 :=
[
0 0 0
0 1
g33
g23
0 − g22
g32
−1
]
, B :=
[
0
g22
g12
(2−τ) g33
g13
τ
g11
g21
τ 2i Im τ − g33
g23
τ
− g11
g31
τ
g22
g32
(τ−2) 0
]
.
We calculate the hermitian matrices
Bt1[gjk] + [gjk]B1 =
[ 0 0 ∗
0 0 g23(τ−1)
g31(1− g11g32g31g12 ) ∗ 0
]
, Bt2[gjk] + [gjk]B2 =
[
0 g12(1−τ) ∗
∗ 0 0
g31(
g21g33
g23g31
−1) 0 0
]
,
Bt[gjk] + [gjk]B =
 0 g12( g11g22g12g21 +τ(τ−3)+τ) ∗∗ 0 −g23( g22g33g23g32 +τ(τ−3)+τ)
g31
g13g22
g12g23
(
g11g32
g31g12
− g21g33
g23g31
) ∗ 0
 .
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Let T := c1B1 + c2B2 +B. Then trT = id, where d := 2t
′ and t+ it′ := τ .
The 12- and 23-components of the matrix T t[gjk] + [gjk]T belong to ig12R and ig12R iff
c2(t− 1) = Re( g11g22g12g21 + τ(τ − 3) + τ ), c1(t− 1) = Re(
g22g33
g23g32
+ τ(τ − 3) + τ),
respectively. Moreover, we can also see that
a12 = Im
(− c2τ + τ(τ − 3) + τ), a23 = Im (c1τ − τ(τ − 3)− τ).
Hence,
c1 =
1
t2
+t2−t′2−2t
t−1 , c2 =
1
t1
+t2−t′2−2t
t−1 , a12 = −c2t′ + 2tt′ − 4t′, a23 = c1t′ − 2tt′ + 4t′.
By (4.2.9), d1 =
(c1−2c2+2t−2)t′
3 =
( 1
t2
− 2
t1
+t2+t′2−2t+2)t′
3(t−1) .
From t1t2τ =
g12g23g31
g11g22g33
, we conclude that t′ = − αt1t2 . Using equation (4.1.2), we can see that
c1 =
(1−β−t2)t1t2−2α2
t21t
2
2(t−1) and d1 = −
α(1−β−3t2+2t1t2)
3t21t
2
2(t−1) 
Proof of Theorem 4.2.2. By Lemma 4.2.10, the holonomy group is not trivial. So, we assume that
α 6= 0.
We fix the point p1 and the geodesic G ≀p2, p3≀. It suffices to show that, for a generic (p1, p2, p3) ∈ EF ,
the element ω[b1, b2](p1) ∈ V does not remain R-proportional when we bend p2, p3.
Let {u3} := PCp⊥1 ∩L(p2, p3) and let u2 be the polar point to L(p1, u3). Then 〈p2,u2〉g21 =
〈p3,u2〉
g31
because
p2
g21
− p3g31 ∈ PCp⊥1 ∩ L(p2, p3). Note that b :=
〈g,u2〉
〈g,p1〉 is independent of the choice of g ∈ G ≀p2, p3≀ \ PCp⊥1 .
Indeed, 〈g,u2〉〈g,p1〉 =
(1+
rg31
g32g21
)〈p2,u2〉
g21+
rg31
g32
= 〈p2,u2〉g21 because 〈p3, u2〉 =
g31〈p2,u2〉
g21
, where g := p2 +
rp3
g32
∈ G ≀p2, p3≀
for any r ∈ R. The point u2 cannot be polar to L(p2, p3). Therefore, b 6= 0.
It remains to observe that〈
ω[b1, b2](p1), u2
〉
= 2α
2−(1−β−t2)t1t2
t21t
2
2(t−1) g11b,
〈
ω[b1, b2](p1), p1
〉
= iα(1−β−3t2+2t1t2)
3t21t
2
2(t−1) g11
by Lemma 4.2.10 
4.3. Regular triples. In this subsection, we discuss regular triples that are not strongly regular and,
a little bit, spherical configurations.
Consider a regular triple p1, p2, p3 ∈ L that lies in a projective line L. The case when all points are
negative is in fact covered by Theorem 4.2.2 : it does not differ from the case of a real strongly regular
triple because the geometries of the Poincare´ disc and of the Beltrami-Klein disc are essentially the same.
When a point pj is positive, we can substitute pj by the negative point p
′
j ∈ L orthogonal to pj . Indeed,
let p denote the point polar to L. Then R(p) commutes with every R(pk) and R(p)R(pj) = R(p
′
j).
Every geodesic that passes through pj passes necessarily through p
′
j [AGr, Section 3]. Now, it is easy
to see that a bending involving pj , pk corresponds to a bending involving p
′
j , pk.
Let p1, p2, p3 ∈ R be a real regular triple with a positive pj , where R stands for the real plane spanned
by the pk’s. In terms of the Beltrami-Klein disc D of all negative points in R, the set G := D ∩PCp⊥j is
a geodesic. Denote by Γ the geodesic in D that passes through pk and is perpendicular to G. When we
bend pj , pk, we in fact move G and pk keeping the distance between G and pk, keeping G orthogonal
to Γ, and keeping pk ∈ Γ. At some moment, the third point pl lies in G, pl ∈ G. If necessary, we can
replace R(pj) and R(pk) by R
(
R(pj)pk
)
and R(pj). Now, two subsequent points pj , pl are orthogonal
and R(pj)R(pl) equals some R(p) due to orthogonal relations.
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If one discards the requirement that at most one point is positive, there is an example of a triple
p1, p2, p3 such that the projective lines L(p1, p2),L(p2, p3) are hyperbolic and L(p2, p3) becomes spherical
after a bending involving p1, p2. Indeed, there is a number z ∈ C such that | 14 + z| < 12 and 1 < |1 + z|
(for instance, z = 18 ). By Sylvester’s Criterion, there are points v1, v2, p3 ∈ V with the Gram matrix[
0 12 1
1
2 0 z
1 z 1
]
. We put
p1 := 2v1 − 12v2, p2 := v1 + v2, p′1 := v1 − v2, p′2 := 12v1 + 2v2.
Then the projective lines L(p1, p2),L(p2, p3) are hyperbolic because 1 < |1 + z|, whereas the projective
line L(p′2, p3) is spherical because | 12 + 2z| < 1.
Nevertheless, in principle, there can exist a spherical configuration of points p1, p2, . . . , pn, i.e., a non-
trivial configuration subject to the relation R(pn) . . . R(p2)R(p1) = 1 with spherical projective lines
L(pj−1, pj) (the indices are modulo n) that remain spherical after a finite number of bendings. In this
case, one should suitably modify Conjecture 1.1.
While looking for basic relations, one should not go too far. Most likely, every isometry in SUV is a
product of 5 reflections. Hence, it must be sufficient to deal with n ≤ 11. However, it is quite possible
that actually we only need to study the relations with n ≤ 6.
5. Pentagons
In this section, we begin to study 3 basic relations (in the sense of Conjecture 1.1), the pentagons.
(Yet, we do not know if there exists a spherical configuration with n = 5.) A pentagon is a configuration
p1, p2, p3, p4, p5 ∈ PCV \SV of 5 nonisotropic points such that at most one of the pj ’s is positive, pj−1 is
not orthogonal nor equal to pj for all j (the indices are modulo 5), and
R(p5)R(p4)R(p3)R(p2)R(p1) = δ
in SUV , where δ3 = 1. We will show that pentagons considered modulo congruence form exactly 3
components. Moreover, two pentagons with the same δ are connected by means of a finite number of
bendings. Each component is a smooth 4-manifold.
If δ = 1, the pentagons are known to provide faithful and discrete representations ̺ : H5 → PUV
[ABG], where Hn denotes the hyperelliptic group, i.e., the group generated by r1, r2, . . . , rn with the
defining relations r2j = 1, j = 1, 2, . . . , n, and rn . . . r2r1 = 1. Moreover, in this case the pj ’s are all
negative and span a real plane R. In other words, the representation ̺ is R-fuchsian as R is ̺H5-stable.
So, we arrive at a sort of Toledo rigidity [Tol] : while deforming a pentagon with δ = 1, the representation
̺ remains faithful, discrete, and R-fuchsian.
The two components with δ 6= 1 are congruent: one can be obtained from the other by reflecting the
pentagons in a real plane (they are ‘complex conjugated’). One of the pj ’s is always positive. In [Ana],
we construct a pentagon with δ 6= 1 that provides a discrete and faithful representation ̺ : H5 → PUV .
We believe that every pentagon provides a faithful and discrete representation (Conjecture 1.2).
5.1. Signs of points. It follows from R(p3)R(p2)R(p1) = δR(p4)R(p5) and Lemma 3.1 that
(5.2) 8iα(p1, p2, p3) + 4β(p1, p2, p3)− 1 = δ
(
4 ta(p4, p5)− 1
)
.
Suppose that δ = 1 and p1, p2, p3 ∈ BV . Then α(p1, p2, p3) = 0, β(p1, p2, p3) ≥ 0, and β(p1, p2, p3) =
ta(p4, p5), implying that p4, p5 have the same sign, i.e., are negative.
Suppose that δ 6= 1 and p4, p5 ∈ BV . Then Re δ = − 12 and 4β(p1, p2, p3)− 1 = − 12
(
4 ta(p4, p5)− 1
)
.
Hence, 8β(p1, p2, p3) = 3− 4 ta(p4, p5). Since ta(p4, p5) > 1, we obtain β(p1, p2, p3) < 0. So, one of the
points p1, p2, p3 is positive.
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5.3. Existence. For distinct p4, p5 ∈ BV , the eigenvectors of R(p4)R(p5) are the vertices of the geo-
desic G ≀p4, p5≀ and the point polar to L(p4, p5). The corresponding eigenvalues are s−1, s, 1, where s > 1.
By Proposition 3.8, we can find a regular triple p1, p2, p3 such that R(p3)R(p2)R(p1) = δR(p4)R(p5).
If p3 = p4 or p1 = p5, then p1, p2 or p2, p3 are orthogonal by Remark 3.2, which contradicts the fact
that the triple p1, p2, p3 is regular. If p1, p5 are orthogonal, then, after applying the orthogonal relation,
we obtain R(p4)R(p3)R(p2)R(p) = δ with p, p1, p5 pairwise orthogonal. By Corollary 3.3, p, p2, p3, p4 lie
on the geodesic G ≀p2, p3≀. As p, p1 are orthogonal, p1 ∈ G ≀p2, p3≀, which contradicts the fact that the
triple p1, p2, p3 is regular. Symmetric arguments work if p3, p4 are orthogonal.
Thus, we have shown that, for any δ with δ3 = 1, there exists a pentagon.
5.4. Connectedness by means of bendings. Given a pentagon, the triple p1, p2, p3 is strongly
regular. Indeed, if p1, p2, p3 are on a same geodesic G, then R(p3)R(p2)R(p1) = R(p) with p ∈ G by
Corollary 3.3. Now, R(p5)R(p4)R(p) = δ implies that p4, p5 are orthogonal by Remark 3.2. A contradic-
tion. If p1, p2, p3 are on a same projective line, then β(p1, p2, p3) = 0 and (5.2) implies that Re δ = − 12
and, hence, 4 ta(p4, p5) = 3. So, the projective line L(p4, p5) is spherical; a contradiction. If p1, p2, p3
are on a same real plane, then α(p1, p2, p3) = 0. Therefore, δ = 1 by (5.2) and the pj ’s are all negative
by 5.1.
In particular, after any bending, a pentagon remains a pentagon. Indeed, after a bending involving,
say, p2, p3, the triples p1, p2, p3 and p2, p3, p4 remain strongly regular by Corollary 4.1.5.
Given two pentagons with the same δ and negative p2, p3, p4, p5, by means of a bending involving
p3, p4, one can make ta(p4, p5) arbitrarily big. So, we can assume that ta(p4, p5) is the same for both
pentagons. The connectedness follows now from Corollary 4.1.5.
5.5. Real pentagons. Consider the case of δ = 1. By 5.1 and 5.4, the points p1, p2, p3 form a
strongly regular real triple and, therefore, span a real plane R, which is stable under the isometry
I := R(p3)R(p2)R(p1) = R(p4)R(p5). As the fixed points of the isometry R(p4)R(p5) are the (isotropic)
vertices v, v′ of the geodesic G ≀p4, p5≀ and the (positive) point polar to the projective line L(p4, p5),
the isometry I of the Beltrami-Klein disc D ⊂ R has to be hyperbolic. So, its isotropic fixed points
should coincide with v, v′, implying v, v′ ∈ R and, hence, p4, p5 ∈ R. As there is no essential difference
between the Beltrami-Klein disc and the Poincare´ one, we can apply [ABG, Corollary 3.16] and conclude
that the pentagon provides a faithful and discrete representation ̺ : H5 → PUV .
5.6. Smoothness. The space of real pentagons is smooth and 4-dimensional by [ABG, Corol-
lary 3.17]. So, we assume δ := − 12 + i
√
3
2 and p1 positive.
Let tj := ta(pj , pj+1) (the indices are modulo 5). It follows from (5.2) that α(p1, p2, p3) =
√
3(4t4−1)
16
and β(p1, p2, p3) =
3−4t4
8 . The inequalities (4.1.3) for t1, t2, t4 are
(5.7) t1 < 0, 1 < t2, 1 < t4.
Therefore, β < 0, as desired. The equation (4.1.2) takes the form
(5.8) (t1 − 1)(t2 − 1) = t1t2(t− 1)2 + 3(4t4−1)
2
256t1t2
+ 3−4t48 .
The equation (5.8) in t1, t2, t4, t together with the inequalities (5.7) defines a smooth 3-manifold T ⊂
R4(t1, t2, t4, t) fibred by Lemma 4.1.1 into planes over the axis A := {t4 | t4 > 1}. Hence, T ≃ R3.
Geometrically, a pentagon is determined by a point in T uniquely up to a bending involving p4, p5.
In other words, the space of pentagons with a given δ is diffeomorphic to R4.
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